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The resul ts  of a numerical  study of the effect of s t r eam swirling on the laminar  flow s t ruc -  
ture and heat exchange in a round tube are  presented.  

Problems connected with the study of the effect of s t ream swirling on the intensification of p rocesses  
of heat and mass  exchange have been at tract ing the attention of invest igators in recent  years  [1]. 

The nature of the attenuation of the tangential component of the laminar  flow veloci ty of a liquid along 
the radius and the length of a tube was studied in [2] by means of l inearization of the complete sys tem of 
Nav ie r -S tokes  equations. A cr i t ical  curve for  the formation of unstable vortex motion was found exper i -  
mentally by the author in the form of the dependence of the Reynolds number  on the angular velocity of the 
liquid at the entrance to the tube. 

The numerical  methods which present ly exist  for calculating the flow of a viscous liquid [3] make it 
possible to solve the problem in a nonlinear formulation and to determine more  accura te ly  the effect of 
swirling of the s t ream on the hydrodynamics and heat exchange. 

We shall examine the following problem. A liquid having a constant axial ve loc i tyV over  the c ross  
section at the entrance to a tube is twisted like a solid body. The calculation of the velocity profiles in 
different c ross  sections along the length of the tube is required.  

Let us write the system of N a v i e r -  Stokes equations for  the steady laminar  flow of an incompressible 
liquid in cylindrical  coord ina tes :  
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The boundary conditions are  taken as follows: 

V r ~ V ~ V z ~ O  at r ~ R ,  

v z = V ,  v r=O, o~=Qr at z~---O, 

V r = V ~ = O ,  v z = 2 V ( 1 - - r ~ / R  ~) at z = Z .  

(2) 

(3) 

(4) 

The condition (4) means that at  a large enough distance from the entrance the flow is assumed to be 
hydrodynamical ly stabilized and the tangential veloci ty  conoonent is absent. 
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L e t  us i n t r o d u c e  the  s t r e a m  funct ion and  the  v o r t i c a l  s t r e s s  func t ion ,  d e t e r m i n e d  f r o m  the fo l lowing  

e q u a t i o n s :  

1 . 0 ,  

pr Or 

By e x p r e s s i n g  the v e l o c i t y  c o m p o n e n t s  v z 
m e n s i o n l e s s  f o r m  we ob ta in  
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and Vr in the  s y s t e m  (1) t h r o u g h  r and wand  r e d u c i n g  i t  to d i -  
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whe re  

z z r 2r = - - ,  7 = - - ,  ~ - - - ,  
R R pVR ~ 

v o = vr Re = 2RpV/,u. 

In add i t i on ,  we in t roduce  the  fo l lowing  d i m e n s i o n l e s s  v a l u e s :  

_ 2Rm 

V 

v~ = vJV,  v~ = v#V, K = ~R/V.  

To s i m p l i f y  the no ta t ion  we wi l l  h e n c e f o r t h  omi t  the  u p p e r  b a r s  o v e r  the e x p r e s s i o n s .  

The b o u n d a r y  cond i t i ons  t ake  the fo l lowing  f o r m :  

%b= 1, v ~ = O  at r =  1; 

* = v ~ = O  at r----O; 

, - - - - r  ~, co=O, v~ = K r  at z = O ;  

%b = 2 r " -  r ~, o~ = 8r, v o -~ 0 at z = Z. 

(7) 

The d i f f e r e n c e  me thod  p r o p o s e d  by the a u t h o r s  of [4], which has  su f f i c i e n t  s i m p l i c i t y ,  e conomy ,  and 
u n i v e r s a l i t y ,  is  u sed  fo r  the so lu t i on  of the  s y s t e m  (6). 

E a c h  equa t ion  of  the  s y s t e m  (6) can  be r e p r e s e n t e d  in the f o r m  
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The b o u n d a r y  cond t ions  fo r  the  v o r t i c a l  s t r e s s  a r e  found by a n a l o g y  with  [4] f r o m  the  e x p r e s s i o n s  

n a 0o) n~) 
' - -  I - - ~  as r - - ~ l ;  T 

6 On 2 

(8) 

r  ~p-----arZ-~br a as r - + 0 ,  (9) 

w h e r e  n i s  the  d i s t a n c e  a long  the n o r m a l  to  the  b o u n d a r y  s u r f a c e .  The  f i n i t e - d i f f e r e n c e  a p p r o x i m a t i o n  (8) 
i s  a s y s t e m  of n o n l i n e a r  a l g e b r a i c  e q u a t i o n s  which was  s o l v e d  n u m e r i c a l l y  by S e i d e l ' s  me thod .  
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F i g .  1. V e l o c i t y  d i s t r i b u t i o n  a long  a x i s  of tube  (a) and t a n -  
g e n t i a l  v e l o c i t y  componen t  in i n i t i a l  s e c t i o n  of  tube  at  r = 0.21 
(b). 

A nonun i fo rm  21 x 15 g r i d  i s  u s e d  in the  work ;  Z = 100. 

The va lue  

(D (N) ] Jmax < 0,005, (10) 

w h e r e  N is  the  n u m b e r  of  the  i t e r a t i o n ,  s e r v e d  a s  the  c o n v e r g e n c e  c r i t e r i o n .  

The a x i a l  and r a d i a l  v e l o c i t y  c o m p o n e n t s  w e r e  found f r o m  the  equa t i ons  

1 0r  1 0r 
v . =  - - . - - ,  v, = . . . . .  . (11) 

2r Or 2r Oz 

In o r d e r  to b r i n g  out  the e f f ec t  of the  d e g r e e  of s w i r l i n g  of the  s t r e a m  on the v e l o c i t y  f i e ld  a c o m -  
p a r i s o n  was  m a d e  of the da t a  fo r  the R e y n o l d s  n u m b e r  Re = 160; the p i c t u r e  i s  not  a l t e r e d  q u a l i t a t i v e l y  fo r  
o t h e r  Reyno lds  n u m b e r s ,  a l though the  e x t r e m a  of  the  func t ions  a r e  d i s p l a c e d  both a long  the  length  and a long  
the r a d i u s  of the  tube .  

The s a m e  2 1 •  15 g r i d  with R e =  160, Z =  50, a n d K =  4 w a s  used  as  a c o n t r o l .  The m a x i m u m  d i s -  
c r e p a n c y  p r o v e d  to  be a t  the  e n t r a n c e ;  a t  z = R i t  was  4% for  the a x i a l  v e l o c i t y  and 1.5% f o r  the t a ngen t i a l  
v e l o c i t y .  The e r r o r  d e c r e a s e s  fo r  z > R. 

The dependence  Vz = f(z,  K) a t  the ax i s  of the tube is p r e s e n t e d  in F ig .  l a .  In the a b s e n c e  of s t r e a m  
s w i r l i n g  (K = 0) we ob t a in  the w e l l - k n o w n  v e l o c i t y  p r o f i l e  of [5]. At K = 1 the e f f ec t  of the s w i r l i n g  i s  
s l igh t .  At  K = 2 the  c u r v e  has  two e x t r e m a ,  which  is exp la ined  by the c o m p l i c a t e d  n a t u r e  of the i n t e r a c t i o n  
of  the  f r i c t i o n a l  f o r c e s  and the c e n t r i f u g a l  f o r c e s .  F o r  K > 3 the s t r e a m l i n e s  a r e  d i s p l a c e d  t o w a r d  the w a l l s  
and the v e l o c i t y  at  the ax i s  is  d e c r e a s e d  at  the  e n t r a n c e  due to the c e n t r i f u g a l  f o r c e s .  F u r t h e r  a long ' the  
length  of the channe l  the f r i c t i o n a l  f o r c e s  p r e d o m i n a t e  and the v e l o c i t y  beg ins  to i n c r e a s e .  At  K = 4 and 
z = 2 t h e v e l o e i t y a t  the  ax i s  is d e c r e a s e d  to 0, whi le  r e t u r n  c u r r e n t s  a p p e a r  f o r  K > 4. I t  should  be noted  
tha t  the  m i n i m u m  va lue  of the v e l o c i t y  for  d i f f e r e n t  d e g r e e s  of s w i r l i n g  at  Re = cons t  l i e s  a t  about  the 
s a m e  d i s t a n c e  f r o m  the e n t r a n c e ,  and the length  of the u n s t a b i l i z e d  s e c t i o n  does  not v a r y  s i g n i f i c a n t l y  wi th  
an i n c r e a s e  in K. 

The r a d i a l  v e l o c i t y  c o m p o n e n t  v r c o m p r i s e s  a few p e r c e n t  of V in the  e n t i r e  r e g i o n  e x c e p t  f o r  the  
e n t r a n c e  s e c t i o n  (0 < z < 0.6),  wi th  v r > 0 in the r e g i o n  of the  c o n s i d e r a b l e  e f fec t  of the c e n t r i f u g a l  f o r c e s  
and Vr < 0 f a r t h e r  d o w n s t r e a m .  

F o r  the t angen t i a l  v e l o c i t y  c o m p o n e n t  the  d i s p l a c e m e n t  of  the m a x i m u m  t o w a r d  the a x i s  i s  c h a r a c -  
t e r i s t i c ,  wi th  v~p dying  down a t  once for  a l l  K in the v i c i n i t y  of the wa l l  w h e r e a s  c l o s e r  to the a x i s  the t a n -  
g e n t i a l  v e l o c i t y  a long  the length  of the  tube (Fig .  lb)  d i f f e r s  m a r k e d l y  with  a change  in K. 

In F i g .  2 we p r e s e n t  the d e p e n d e n c e  on z and K of the  to ta l  s h e a r  s t r e s s  a t  the wa l l  

T;= 4 ] / {  Ov~ )2 ( Ov, i~ 
R-;v~, Or +\ or I 
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Fig .  2 F i g .  3 

F i g .  2. V a r i a t i o n  of the to ta l  s h e a r  s t r e s s  a t  the wal l  a long the 
length  of the tube (the to ta l  s h e a r  s t r e s s  i s  deno ted  by a dashed  
l ine  and the ax ia l  c o m p o n e n t  of  the  s h e a r  s t r e s s  by a s o l i d  l ine ) .  

F i g .  3. Ra t io  of  hea t  f luxes  a t  wal l  for  s w i r l e d  and a x i a l  f lows 
a long  length  of tube .  

(dashed l i ne s )  and of the a x i a l  c o m p o n e n t  of the s h e a r  s t r e s s  

j .  

I t  i s  s een  tha t  the  pu re  c o n t r i b u t i o n  of the t a nge n t i a l  cor rponent  of the s t r e s s  i s  a p p r e c i a b l e  only  at  the  
e n t r a n c e  (z < 1.5), and a t  the  s a m e  t i m e  the r e d i s t r i b u t i o n  of  the  a x i a l  v e l o c i t y  a long  the r a d i u s  c o n s i d e r a b l y  
i n c r e a s e s  the  s h e a r  s t r e s s .  

I t  i s  i n t e r e s t i n g  to s tudy  the e f f ec t  of  s t r e a m  s w i r l i n g  on the hea t  exchange .  A s s u m i n g  tha t  a t  the  
e n t r a n c e  to the tube the l iquid  has  the t e m p e r a t u r e  T 1 , the  wal l  t e m p e r a t u r e  i s  T 2, and  the P r a n d t l  n u m b e r  
i s  equa l  to  1, and n e g l e c t i n g  the hea t ing  of the l iquid  due to f r i c t i o n ,  we obta in  the fo l lowing  d i f f e r e n t i a l  
equa t ion :  

4 

The boundary conditions are: 

_ _  (12) 

T =  I at r =  1; T-----0 at Z = 0 ;  

OT 
= 0  at r = 0 ;  T :  1 at z = Z ,  

ar (13) 

w h e r e  T = " r - T 1 / T 2 - T  I and T is the c u r r e n t  va lue  of the t e m p e r a t u r e  in d i m e n s i o n a l  f o r m .  

Equa t ion  (12) was  so lved  s i m i l a r l y  to  (6), with the va lue  c a l c u l a t e d  e a r l i e r  for  the  s t r e a m  funct ion 
be ing  used  in th i s  c a s e  s i n c e  in the  g iven  fo rmula t ion  the s t r e a m  func t ion  does  no t  depend  on the t e m p e r a -  
t u r e .  

The boundary condition is actually not satisfied at the exit from the tube, although the temperature 
field is little sensitive to this boundary condition, as calculations showed. 

A comparison of the heat fluxes for different degrees of swirling is shown in Fig. 3. It is seen that 
in the region of the considerable effect of centrifugal forces the heat flux into the liquid increases with an 
increase in K, while farther downstream the opposite effect occurs. 

In the case of the formation of return currents (the curve for K = 5, Fig. I) the minimum tempera- 
ture over the cross section of the tube appears not in the region of the axis but at r = 0.4, with this effect 
being observed in the region of 0 < z < 4. For a comparison with the theoretical and experimental results 
of [2] a Poiseuille profile was assigned for the axial velocity component at the entrance. The vortex in- 
stability observed in [2] was detected by numerical methods at the same values of Re and K, with the first 
signs of such an instability being observed in the form of individual velocity pulsations at smaller K for the 
same Re. With the appearance of return currents the condition (I0) is not satisfied, although with an in- 
crease in the number of iterations the process does not diverge but instead k varies periodically. In [2] the 
tangential velocity profile was calculated from the equation 
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vr (r, z) = v~ (r, O) exp (--  [~z), 

It  is seen f rom Fig. lb  that for  z < 4 this equation does not co r respond  to real i ty ,  although (14) does 
not hold for  z > 4 and the/3 calculated fo r  our tangential  ve loci ty  field ag ree  well with the data of [2]. 

V 2 = (o~21ar 2) + (1/r)(D/Or) + (O21az2) ; 

r ,  z 

v r ,  v~, v z 

R 

Z 
V 

N O T A T I O N  

are  the rad ia l  and axial  c o o r d i n a t e s .  
a r e  the veloci ty  components  in the radia l ,  tangential ,  and axial 
d i rect i  ons; 
is the radius of the tube; 
is  the angular  ve loc i ty  of liquid a t  en t rance;  
is  the length of tube; 
is  the mean flow ra te  velocity;  
is the density; 
is the dynamic v i scos i ty  coefficient.  
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